The magnetoresistance (MR) for relativistic electrons, i.e., the Dirac electrons in solids, is investigated on the basis of the Boltzmann's theory. The new formula of MR so obtaiend includes a relativistic correction, which has not appeared in the conventional Boltzmann's theories. Our formula is quantitatively consistent with that obtained by the Kubo theory except for the quantum oscillations. While a field dependence of MR is unclear in the formula by Kubo theory, a clear field dependence is obtained in our formula, which is useful for the analysis of experimental results. The effects of the relativistic correction on the MR for the one-band and two-band model are discussed. By taking into account the field dependence of carrier density in semimetals, the linear field dependence of MR is explained by our formula based on the Boltzmann's theory.
Introduction
Linear magnetoresistance was first reported by Kapitza in 1928 . 1) In the following year, he showed the magnetoresistance (MR) in various materials. 2, 3) MR was actively researched after his studies. [4] [5] [6] [7] [8] [9] Currently, MR is still utilized to understand the physical properties of solids. In contrast, an extremely large magnetoresistance was reported in the semimetal WTe 2 , recently. 10) Following this report, the nature of large MR has been studied in many materials that have strong spin-orbit couplings. Especially, Dirac electron systems, in which the energy dispersion is linear in the wave number k, have been the focus of various studies. [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] The properties of MR is governed by the mobile electrons, so that it strongly depends on the energy dispersion of electrons. In most cases, the analysis of the MR has been based on the theory for the non-relativistic electrons, where the dispersion is quadratic in k. However, the MR of relativistic electrons, where the dispersion is linear (Dirac electrons), has not been examined in detail. Furthermore, in the case of semimetals, which exhibit large MR, relativistic and non-relativistic carriers can coexist, we need much more complex analysis. For example, it is well known that the MR increases with the square of the magnetic field (ρ xx ∝ B 2 ), 23) when there are non-relativistic electron and hole carriers (NR+NR). Then, is this field dependence the same for relativistic carriers, such as (R+R) and (R+NR)? Actually, bismuth, a typical semimetal, can be classified into (R+NR) type, [24] [25] [26] [27] and the origin of its (quasi) linear MR is still controversial. Here, "R" and "NR" denote relativistic and non-relativistic, respectively. In previous studies, the contribution of various effects for Dirac electrons was examined, e.g., the Coulomb screening effect, impurity potential, and quantum limit, [28] [29] [30] [31] However, these papers do not discuss the effects of the relativistic dispersion. In addition, these theories are applicable under some restricted conditions. It is difficult to discuss the MR of any magnetic field with these theories.
What makes the analysis of MR very complex is the fact that the experimentally obtained MR,ρ, is given in the tensor form. Theoretically, on the other hand, the conductivity tensor,σ, is first obtained, and then, we have to calculate the inverse tensor ofσ. Therefore, in order to analyze the experimental data of MR, it is of the prime importance to obtain a clear field dependence not ofσ but ofρ. For this purpose, the semiclassical approach based on the Boltzmann equation is very powerful. On the other hand, the approach based on the Kubo formula is difficult to see the explicit field dependence ofρ, so that it is rather hard to analyze the experimental data, even though the result is rigorously quantum.
In this paper, we firstly obtain the formula of MR for the relativistic electrons with the Wolff model, which is the effective model of Dirac electron systems, such as bismuth, 27, 32) based on the Boltzmann equation. We found a relativistic correction factor, λ ε = ∆/ε, which does not appear in the conventional formula for non-relativistic carriers (∆ is a half of Table I . Summary of the relativistic effects on the MR (ρ xx ), the magneto Hall resistivity (ρ yx ), and the Hall coefficients (R H ).ρ i j andR H are relativistic quantities renormalized with the conventional one. Here, c = n/p (n is the carrier density of electrons and p is that of holes), κ = µ 0 /ν 0 (µ 0 and ν 0 are the mobility of electrons and holes, respectively).
One band model
Two band model
the band-gap, ε is the energy). The relativistic correction λ ε makes change the amplitude of ρ i j , e.g., ρ
xx and ρ NR xx are the relativistic and non-relativistic magnetoresistivity in the one band model, respectively). The λ ε F -dependence of ρ R,R+NR i j and the Hall coefficients R R,R+NR H for one-band and two-band models are summarized in Table I . For the quantitative analysis of experimental MR, this correction term plays a crucial role. It is also shown that the field dependence of ρ is very clear in our formula and it is essentially consistent with that based on the Kubo formula. In addition, we succeed in explaining the linear MR by taking into account the field dependence of carrier density based on the effective models.
The rest of this paper is organized as follows. Section 2 describes the formulation of the relativistic conductivity. In Sect. 3 to Sect. 5, we calculate the MR based on Boltzmann theory. The MR with the one-band and two-band model are described in Sects. 3 and 4, respectively, and the MR under the quantum limit is described in Sect. 5. In Sect. 6, the magnetoconductivities based on the Boltzmann are compared with that based on the Kubo theory. Our conclusion is presented in Sect. 7.
Relativistic conductivityσ R
We derive the relativistic conductivityσ R for the anisotropic Wolff model. The hamiltonian is given by: 27, 32) 
where k is the wave vector measured from an extremum of dispersion. γ i is the 4 × 4 Dirac matrix of the form
where σ i is the Pauli spin matrix. W(i) is related to the matrix elements of the velocity operator for the same spin, t, and for the opposite spin, u, as
The eigenvalue of Eq. (1) is
whereα is the inverse mass tensor given by
The velocity of ε R , i.e., the relativistic velocity v R is given as
Here, v NR is the velocity of the non-relativistic carriers defined by
using the inverse mass tensorα. The dimensionless parameter λ ε F expressed the relativistic correction.
The current density j is described as follows: 6, 9, 33, 34) j = e (2π) 3 vΦ
where e is the elementary charge (e > 0), f 0 is the FermiDirac distribution function in thermal equilibrium, and Φ is the energy variation that depends on the external field. Under an electric field E and a magnetic field B, Φ can be given as
Here, τ and µνλ are the relaxation time and Levi-Civita symbol, respectively. In the low temperature limit, −∂ f 0 /∂ε becomes δ(ε − ε F ), where ε F is the Fermi energy. For the relativistic carriers, the velocity in Eq. (12) should be replaced by v R , so that Eq. (11) becomes
where n is the carrier density andμ = eτα is the mobility tensor. The current density without magnetic field (B = 0) is represented as j R = λ ε F neμ·E. Thus, the current density under the magnetic field j R is obtained:
whereB is represented as the 3 × 3 matrix:
Consequently, the relativistic magnetoconducitivityσ R is obtained from Eq. (15) in the form:
This is the core formula of our work, including one relativistic correction of λ ε F . Note that the non-relativistic magnetoconductivity is described as 22, 35, 36) 
Eqs. (17) and (18) are equal in the limit of λ ε F → 1 (ε F → ∆), i.e., the so-called non-relativistic limit, where Eq. (7) becomes quadratic in k as ( Fig. 1 )
Relativistic MR for the one-band model
In this section, we discuss the relativistic MR for the oneband model and investigate the role of the relativistic correction, λ ε F , on MR. Assuming the isotropic mobility tensor, µ i j = µ 0 δ i j , the elements of Eq. (17) are 
The other elements ofσ R can be easily obtained from the Onsager relation, σ 
One can clearly see the field dependences of ρ R xx and ρ R yx , which are what we desired to obtaine. It is found that ρ R xx does not depend on B but its amplitude is modified by the factor of λ ε F (Fig. 2) , whereas ρ R yx is proportional to B but not modified by λ ε F . The ratios of ρ
In addition, the relativistic Hall coefficient R R H is obtained as
for the relativistic electron. Therefore, the relativistic Hall coefficient R R H is exactly the same as the non-relativistic one R NR H . This is consistent with the result for graphene (massless Dirac ∆ = 0). 28) 
Relativistic magnetoresistance for the two-band model
In the previous section, we discussed the MR for the oneband model. However, the large MR is reported in semimetals. Semimetals have electron and hole carriers, so the twoband model is required to explain the transport phenomena in semimetals. In this section, we show the MR of the twoband model. Especially, we discuss the magnetoconductivity in the case with relativistic electron and non-relativistic hole carriers,σ R+NR =σ R e + σ NR h , as in bismuth. We again assume the isotropic mobility tensor for electron and hole carriers µ i j = µ 0 δ i j and ν i j = ν 0 δ i j , respectively. The magnetic field is set to be parallel to the z-axis (B = (0, 0, B)). We also assume that the relativistic correction factor λ ε F and the number of electrons and holes, n and p, do not depend on the magnetic field. (The case where λ ε F , n, and p depend on the magnetic field is discussed in Sect. 5 .)
The magnetoconductivity σ R+NR xx and the Hall conductivity σ
Then, the magnetoresistivity ρ R+NR xx and the Hall resistivity ρ R+NR yx are derived: 
Again, we obtain the analytic forms of ρ xx (B) and ρ yx (B), where their field dependences are clearly indicated. Figure 3 shows the magnetic field dependence of ρ 
∝ B
2 , and saturates under strong fields except for n/p = 1.00. The saturated value becomes small when the difference between n and p becomes large. It is seen from Fig. 3(b) that the sign of ρ R+NR yx with n/p < 1.00 changes at a certain magnetic field. |ρ R+NR yx | is the same under strong fields when ρ R+NR yx has the same difference from n/p = 1.00 (e.g., n/p = 0.98, 1.02).
The behaviors of ρ xx (B) and ρ yx (B) can be understood more clearly if we take the limit of weak and strong fields. At weak fields (λ 
where
expresses the difference between electron and hole mobilities. From Eq. (38), the Hall coefficient R R+NR H is obtained:
Equation (40) is similar to the Hall coefficient of a system with non-relativistic electrons and holes, which is given by:
An important finding here is that the Hall coefficient R Table I . It is apparent that λ ε F dependence of ρ R+NR xx is different at weak fields and strong fields.
In the following, the λ ε F and κ dependence of ρ 
Near the quantum limit
At weak magnetic fields, the Fermi energy ε F and carrier densities n and p do not change in three-dimensional systems. This is because carrier energy is not quantized clearly. At strong fields, on the other hand, the electron energy is clearly quantized into the Landau levels, and ε F , n and p of semimetals drastically change with magnetic field in order to keep the charge neutrality. This tendency becomes more significant when the difference between electron and hole mobilities becomes large, such as in bismuth. In this section, we discuss the MRs for the one-band and the two-band model near the quantum limit (QL), where all carriers occupy the lowest Landau level only.
Relativistic one-band model near the QL
To calculate magnetoresistivities ρ R xx and ρ R yx near the QL more accurately, it is necessary to calculate the eigenenergies of each Landau level. The eigenvalue of Wolff model under magnetic fields is 27, 32) 
where l is an index of the Landau levels, σ is the sign of the spin, k z is the wavenumber parallel to the magnetic field, ω c = β 0 B/m c (m c is the cyclotron mass, β 0 is the double amount of the Bohr magneton µ B ), m z is the effective mass for electrons parallel to the magnetic field. In the following, we set ∆ = 7.5meV, m c /m 0 = m z /m 0 = 0.01. The formula of carrier density is represented as
All carriers occupy the lowest Landau level under the QL (l, σ) = (0, −1), so Eq. (45) is changed as
where k F is the Fermi wavenumber. The charge is conserved (n = const.), thus, k F ∝ B −1 . This implies that ε F depends on the magnetic field (Fig. 6(a) ). With the present parameters, electrons reach the QL at B 8T and the Fermi energy ε F moves down to the band edge (ε F → ∆) beyond this field. The behavior of ρ R xx and ρ R yx is shown in Fig. 6(b) . The field dependence of ρ R yx does not change in the QL region, because it does not depend on λ ε F . In contrast, ρ R xx attains field dependence under the QL because ρ xx ∝ λ −1 ε F = ε F /∆. λ ε F is close to unity (non-relativistic limit) as the Fermi energy ε F moves down to ∆ under the QL. Therefore, even if the electrons are relativistic under weak fields, they exhibit the non-relativistic behavior under the QL.
Two-band model (R+NR) near the QL
In the two-band model, the variation of the Fermi energy is more complicated. For example, ε F in bismuth moves downward with the increase in magnetic field parallel to the binary axis and moves upward with the fields parallel to the trigonal axis.
38) The former makes λ ε F large and the latter makes λ ε F small. Here, we discuss the system where ε F moves downward.
The eigenvalue of holes in free electrons with the Zeeman split is 38, 39) 
where ε 0 , Ω c , M z and G are the electron-hole hybridization, the cyclotron frequency, the longitudinal mass and the gfactor for the hole, respectively. We set ε 0 = 2∆, M c /m 0 = M z /m 0 = 0.2 and G = 5. ε F is calculated from Eqs. (44) and (47) using the charge neutral condition n = p (Fig. 7(a) ). The quantum oscillations of bismuth in the experiment can be theoretically explained with this value. The electrons and holes reach the QL at B 7T and B 12.5T, respectively. ε F in Fig. 7(a) decreases by conserving the charge neutral condition (n = p). In contrast, the carrier densities n and p increase as the Landau degeneracy eB/2π 2 increases (Fig. 7(b) ). ρ 
The carrier density n has linear dependence n ∝ B 1 in the QL region (B > 7T), so ρ R+NR xx and ρ
Now we succeeded in showing the linear MR in Eq. (50) only by taking into account the change of carrier density in the QL based on the semiclassical approach in contrast to the previous studies. 40, 41) resistivity In the last, we focus on the field dependence of the relativistic effect. Figs. 8(b) and (d) show the renormalized resistivity with the non-relativistic one (ρ
). The relativistic effect shows three features. First, the relativistic effect λ ε F increases the amplitude of magnetoresistivity (ρ xx ) under weak fields and decreases it under strong fields. Second, it becomes strong with a large ratio of the mobility κ. Third, the magnitude of the relativistic correction depends on the magnetic field in the QL, since E F changes drastically in the QL
Magnetoconductivity based on the Kubo formula
Thus far, the MR has been discussed based on the Boltzmann theory for Dirac electrons. In this section, to check the validity of the results, we also calculate the MR based on the Kubo formula for Dirac electrons, which is represented asσ KR . The relativistic conductivity σ KR µν is obtained based on the Kubo formula 42, 43) using the relativistic correlation function Φ R µν 27, 44) as
Here, the Landau degeneracy
and f R 4 are given by
The terms f 1 and f 2 are the "orbital transition" and f 3 is the "spin transition". f 4 is the value where ε a and ε b have the valence band energy of (l, k, σ) = (0, 0, −1). The contribution from the two one-particle Green's functions Ξ becomes as follows:
where Γ is an impurity potential. The value Γ is related to τ and µ in the form
We set the values of Γ for electrons consistently with the calculations in the previous sections. The field dependence of energy is identical as Fig. 6(a) .
Magnetoconductivity so obtained, σ KR i j , is shown in Fig. 9 The field dependence ofσ KR , the conductivity based on the Kubo theory, is vague, and so isρ KR . While, the field dependence of ourσ R is very clear.σ R is more useful instrument for analysis of experimental data.
Summary
We studied the carrier transport in magnetic fields for relativistic electrons. We found the new factor λ ε F = ∆/ε F , the relativistic correction, that is not appear in the conventional non-relativistic formula. The effect of the relativistic correction is different between at weak fields and at strong fields. Furthermore, λ ε F depends on the magnetic field near the QL. The MR of the Dirac electron system should be analyzed by the relativistic resistivity formula (ρ R ,ρ R+NR ). In our formula, the field dependence of magneto-'resistivity' is clearly indicated. This makes the analysis of experiments more transparent.
The gap between the semi-classical and quantum approaches for the conductivities of relativistic electrons is removed. The validity of our formula is verified by the calculation based on the Kubo formula for relativistic electrons. Therefore, the magnetoresistance of Dirac electrons can be quantitatively evaluated only with the semiclassical formula.
As a byproduct, the linear MR of bismuth is qualitatively explained by taking into account dependence of the carrier density.
In the previous studies, 18, 22, 45) the MR of bismuth has been analyzed by using the conventional formula of the nonrelativistic carriers for two bands. The analysis can be quan-titatively corrected by considering the relativistic correction found in the present work. In order to obtain quantitative evaluation of MR of bismuth, we further need to take into account the anisotropy of the mobility, which will be published elsewhere near future.
